Volume 100, Number 6, November—December 1995
Journal of Research of the National Institute of Standards and dEgyn

[J. Res. Natl. Inst. Stand. Technd00, 677 (1995)]

Precision Tests of a Quantum Hall Effect Device
DC Equivalent Circuit Using Double-Series
and Triple-Series Connections

Volume 100 Number 6 November—December 1995
A. Jeffery, R. E. Elmquist, and Precision tests verify the dc equivalent cir- ing the ac quantum Hall effect as an intrin-
cuit used by Ricketts and Kemeny to de- sic standard of resistance.
M. E. Cage scribe a quantum Hall effect device in
terms of electrical circuit elements. The Key words: ac quantum Hall effect; cryo-
National Institute of Standards tests employ the use of cryogenic current genic current comparator; dc quantum Hall
comparators and the double-series and effect; equivalent electrical circuit; quan-
and Techology, triple-series connection techniques of tized Hall resistance; two-dimensional elec-

Gaithersburg, MD 20899-0001 Delahaye. Verification of the dc equivalent  tron gas.
circuit in double-series and triple-series
connections is a necessary step in develop- Accepted: September 8, 1995

1. Introduction

In the integer dc quantum Hall effect [1-3] the Hall netic field reversal. The potential probes 2, 4, and 6 are
resistanceR, of the the plateau of a fully-quantized, near the potential of the source S. Probes 1, 3, and 5 are
two-dimensional electron gas (2DEGHs(i ) = h/(e?), near the potential of the drain D, and in this example
where h is the Planck constang is the elementary  have a positive potential relative to the source. The two
charge, andlis an integer. We assume tHat(i) has the positive potential sides of the device are indicated by
value of the von Klitzing constant, 25 812.807i. The thick lines. On current reversal, those two sides would
current flow within the 2DEG is nearly dissipationless in have a negative potential relative to the source, and
the quantum Hall plateau regions of high-quality would be indicated by thin lines.

devices, and the longitudinal voltage dropg, and the Electrons are moving from left to right in the example
longitudinal resistance dropB,, along the sides of the  of Fig. 1, but electric circuit analyses traditionally as-
sample are very small. sume currents composed of positive charges. Therefore

It is important to remember that the conducting the figure shows positively-charged curretgsand Is
charges arelectrons and in the presence of a magnetic entering and leaving the device from right to left. If an
field, B, the sign and direction of the conducting charges external measurement system is connected to potential
determines the sign of the potentials around the periph- probes 3 and 4 to measure the quantum Hall voltage
ery of the device. For the example shown in Fig. 1 the Vy =V;—V, = Rylp, then additional positively-charged
magnetic field is in the positive direction, and the  currentsl; andl, can enter and leave the device. These
conducting electrons enter at the upper left-hand cornertwo currents are arbitrarily assumed to enter potential
and exit at the lower right-hand corner [4-7], as indi- probe 3 and exit probe 4 in Fig. 1; andl, are small
cated by the shaded curves. These corners remain thecompared tdp andls.
same on current reversal, but they interchange on mag-
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Fig. 1. Top view of a quantum Hall device showing the direction of
the current flow (positive carriers) in and out of the sample. The I4 Twa
shaded curves indicate the electron flow pattern for a magnetic field L
pointing into the sample in the positiedirection. The bold lines
indicate the positive potentials along the periphery of the sample. Fig 2. Equivalent circuit for the quantum Hall device of Fig. 1 with
external leads to two potential contacts (3 and 4) and a source and
drain (S and D). The orientations of the voltage generators are for the
indicated current and magnetic field directions. The positions of the

intrinsic resistance®./2, contact resistances, lead resistances,,
and probe positions (S, D, 3, and 4), are also indicated.

Vs4f s+ 1] Vw* M= Il

2. The DC Equivalent Circuit

Ricketts and Kemeny [8] have described the electrical
behavior of a quantum Hall device in terms of an equiv-
alent circuit. Figure 2 shows this equivalent circuit for

the wiring configuration, current, and magnetic field 3 (@)

directions of Fig. 1 when the longitudinal resistarRe 3 B B

is negligibly small. In ideal conditions, each arm of the s ® b s ® b

circuit extends from the 2DEG to a source, drain, or o_w._< >—-—Q

potential contact, and has a large resistaRg@ and a - T ~-—Iq -—I

small contact resistanaga for each arm A, where A Is 4 D

represents contacts, 3, 4, S, or D. There is also a wire 4

resistancer,, to each contact. The wire resistance is

usually dominated by the sample probe leads, but it can 3 (b)

also include wire-bonds to the sample header. ; B B
Between each pair of arms A and B there is a voltage ® ®

generatoNVg, WhereV,g is defined as S D S ?, : D
I

— — IS——>
4

The sign within the quantityl] + Ig| is positive if both

I» andlg enter or leave the device, and negative if one
current enters and the other leavss is zero if bothl,
andlg are zero.

The currentsl, are assumed to be for positively-
charged carriers, but the actual current is due to elec- «—
trons traveling in the opposite direction, which in the
presence of the magnetic field affects the signs of the 4
potentials around the device periphery. Thus the orienta-
tions of the voltage generators are chosen in Fig. 2 to Fig. 3. Diagrams of quantum Hall devices and the corresponding
obtain the correct potentials. As shown in the simplified equivalent circuits to show how different magnetic field directions and
sketches of Fig. 3, the orientations (signs) of the voltage d'ﬁefe”tt CU"e”tp‘lzl’;vi'VES:;Z’AISfi)f&??rtotr':]eDotr(')egtgﬂ‘;“aor‘;;hi;’tcl"ctaf‘%fd
generators all reverse upon current reversal. They also%e?ﬁéap%r;n\(/?z direction. (b) Current reversed and magr?enc field
all reverse on magnet'c field reversal, butin that case the unchanged. (c) Current unchanged from first case and magnetic field

current directions remain the same. reversed. For simplicity, the contact resistances are not shown.
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Let us, for the moment, neglect the contact resistancesmade between points Y and Z by using the two current
rea and calculate the potentialg, V4, andVp at the leads and the potential leadls and V;:
device contacts 3, 4, and D in Fig. 2 relative to the

source potentiaVls: Ry = Vy l—Vz , 6)
T
V3—Vs:|s% Vss""s%: or
R, = RH[l + Ipol3 + Isls ]
Rals = Ru(lo + 15— 14) (2a) i Ra(Rut+ro+ry)  Ru(Ra+rstry) |
Va—Vs=—Ryl4 (2b) @)
VD—V5= R|-|(|S—|3). (2C)

Ry differs from R4 by the two correction terms in Eq.

By subtracting Eq. (2b) from (2a), this leads to a correc- (7), which we will labelAR,(theory)Ry.
tion to the quantum Hall voltagé, = Ryl of orderRy 1.
Even thoughR, is large, the currentk andl, can be v,
made small enough in dc bridges to ensure that the h =1 Y
correction toVy, is negligible. That is not necessarily the B i
case, however, for bridges used to measure the ac quan- ® 5 i 3 1 T
tized Hall resistance. Therefore something must be done % I,
in ac resistance measurements to ensurd laatl, are
indeed small enough. A solution, that has been found by
Delahaye [9,10], involves double-series or triple-series -—I : D
connections to quantum Hall devices. S -]

. . Is Yse Vap
3. Double-Series Connections 1 ,

Is
The total resistance in each arm, A, of the circuit can I 6 4 L 5 %&
be split into the intrinsic resistance componBg2 and ="

the component,, defined as z —1I Py
Vz

Fa Elcat Iwa + lest+ leee (3) ] ) o ) o
Fig. 4. Double-series connection in an equivalent circuit representa-

. tion of a quantum Hall devices, rp, r3, andr, are defined in Eq. (3).
where A represents S, D, 3 or #, is the contact q CRLIRE 4 g.(3)

resistancesy, is the wire resistance,«is a resistor that

can be added to test the circuit equations, rrgdis the

resistance of a cryogenic current comparator that can beg Triple-Series Connections
placed in arm A to measure the curréntWe display in

Fig. 4 the equivalent circuit representation of two dou- ki re 5 shows the equivalent circuit representation of
ble-series connections to the quantum Hall device of 4 {riple-series connections to a single device. The
Fig. 1, wherer, is defined by Eg. (3). A total currei equations are

enters poinl. It separates into currents Ip, 14, andls,

and then exits poinZ as |+. By summing potentials rofy
around circuit loops one obtains the relations I3 = Ry + 1o + 1)) Ry + 19 + Tord] Ir, (8)
o o
I3 = Ip = | 4
PT(Ritr) P T (Ratrotry) @) .
and Iy = —— (I+—13), 9
; 1 (RH+rD+rl)(T 3) ()
= =15 _|g= s Iy . (5)
(R +12) (Ru+rs+ry)
Therefore |; andl, are small fractions of, and|s. I, = f<fe T, (10)
Four-terminal resistance measuremeRs;, can be [(Ra+rs+ 16)(Ry + ra) +rgre]
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— I's _
|6 - (RH + rS + rﬁ) (IT |4)1 (ll)
and
_ lplals
Rz = Ry {1 *RA(Re + o + 1) (Ro + 19) + Tor ]

+ Islels
Ru[(Ru + rs + 1e) (Ry + 1) + 14

3

Ry differs from R4 by the two correction terms in Eq.
(12), which we again labeAR,(theory)R,. Precision

(12)

It has a zero magnetic field mobility of about 100 000
cn?/(V -s) at 4.2 K, and a carrier density of X70"
cnT? It has a length of 4.6 mm and a width of 0.4 mm,
and the two outer Hall potential probe pairs are
displaced from the central pair by 1 mm. Gold wires of
diameter 25.m were soldered ontolalyed irdium dots

to make electrical contact to the 2DEG.

The other sample is a BIPM/EUROMET GaAs/
Al,Ga_As heterostructure grown by metalorganic
vapor-phase epitaxy at the Laboratories d’Electronic
Philips, France [11]. It is desighated as E7C, hasld.Si
protective coating, a zero magnetic field mobility of
about 270 000 cA(V-s) at 4.2 K, a carrier density of
4.9x10" cnm?, and an aluminum fraction of= 0.29. It
has a length of 2.2 mm and a width of 0.4 mm, and the

tests of these double-series and triple-series equationgwo outer Hall potential probe pairs are displaced from

are described in Secs. 6 and 7.

— v,
;o =1 Y
1'3 VWA -
B -1 I
® 5 31
n " L
V53 V31
| Vss Vip l |
~—I D
S ~1I
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Fig. 5. Triple-series connection in an equivalent circuit representa-
tion of a quantum Hall device.

5. Samples and Circuit Resistances

Two standards-quality samples were used. One sam-

ple, designated as GaAs(8), is a GaAsBd ,As het-
erostructure grown by molecular beam epitaxy at AT&T
Bell Laboratorieg, with x = 0.29 being the fraction of
aluminum atoms replacing gallium atoms in the crystal.

! Certain commercial equipment, instruments, or materials are identi-
fied in this paper to foster understanding. Such identification does not
imply recommendation or endorsement by the National Institute of
Standards and Techlogy, nor does it imply that the materials or
equipment identified are necessarily the best available for the purpose.
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the central pair by 0.5 mm. Gold wires of diameter

25 pm were wire-bonded onto enlarged Au/Cr contact
pads evaporated onto the preexisting AuGe/Ni pads
[12]. Both samples were mounted on 12-pin, TO-8

headers.

The samples were cooled in a He-3 refrigerator insert
to a temperature of 0.3 K. The sample probe uses
twisted-pairs of PTFE-covered copper thermocouple
wire, whose diameters are only @#n to minimize heat
loss. The resistances of these wires are about @020
room temperature and about S4when the sample is
cold. There are two wires in the sample probe which are
soldered together at the source connection of the TO-8
header, and two wires soldered together for the drain
contact. The wire resistancegs and r,p were deter-
mined by using one-half of the series resistances of the
two source and the two drain wires, respectively. The
wire resistances of the potential leads were then esti-
mated by using the average valuesgfandr,, because
all the wire resistances were equal to within 0(@3The
wire resistances changed by as much as @.%ith
liquid helium level, so it was important to monitor these
resistances.

The contact resistancas, were determined from
three-terminal resistance measurements. They were
negligibly small for GaAs(8), and averaged about
(0.17+0.10)Q) for the E7C sample. (Here, and through-
out this paper, all quoted uncertainties are one standard
deviation estimates.) The experiments were all done on
thei = 2 plateau, sd3; = 12 906.403 H). The series
resistance value of the 32-turn winding of a cryogenic
current comparator, used in Sec. 6 to measure currents
in selected leads of the sample probe, varied between
1.645() and 1.650().
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6. Current Measurements .

®w

Measurements were made of the current in selected
potential leads of the GaAs(8) sample to determine if
these currents agreed with the values predicted by Eqgs. I
(4), (5), and (8) to (11) in Secs. 3 and 4. Both double- =T Tq
series and triple-series connections were used. The
magnetic field direction was opposite to that for the
equivalent circuits of Figs. 4 and 5, so the connections
were on opposite sides of the sample. Both positive and . CCC
negative currents were used for the applied curkeint
order to eliminate the effects of thermally-induced Fig._(_S. Double-series_ connection of a quantum Hall sample, and the

. . . position of a cryogenic current comparator (CCC) used to measure
voltages. Thg experimental curren_t in the potential lead - nt in potential lead 2.
was found using a 32-turn cryogenic current comparator
(CCC) winding coupled to a dc-SQUID by measuring
the SQUID flux-locked-loop output voltage. The sensi-

tivity of this measurement is (38:9.2) nA/V. Resistances with nominal values of @and 20(},
and actual values of (9.989.002)(2 and
6.1 Double-Series Connections (20.008+0.002)(2, were added to the potential lead or

the drain lead to observe their effect. Resistance added

Results of the current measurements in potential leadsto the potential lead had little effect on the current. For
are summarized in Table 1 for the double-series config- €xample, when 20) was added to potential lead 2, the
uration shown in Fig. 6 anti = (39.914+0.001) pA. measured currerit decreased by only a factor of 5.
The agreement between measured and calculated value¥Vhen 10} resistance was added to the drain lead,
of the current are within the experimental uncertainty. however |, increased by a factor of 2.8, and by a factor
No significant differences in currents measured Of 4.7 if 20 Q) was added.

(< 0.005 %) were observed for series-connections using The measurements are sensitive to changes in lead
different potential probe positions. Similar results were resistance (which depends on the liquid helium level),

obtained if a double-series connection was made on only €specially in the source or drain leads. An increase of
the side of the Samp|e where the potentia] lead current 0-1 Q in the drain lead resistance increases the calcu-

was being measured. lated current by 1.8 % of the current.

Table 1. Experimental and calculated values of currents in the potential lead of a double-series connection with and without added test resistances.
Theoretical current values are found from Eq. (4), but with probe 2 rather than probe 3, and the magnetic field reversed

Test resistance  Position of test  Measured current  Relative change in  Theoretical current  Theoretical current  Theoretical current/

resistance I, from zero test ratio measured current
T test [P resistance case P} Io/l+
() (nA) (%) (nA) (%)
0 16.77 0.0 16.90 0.042 1.eD.01
20 Lead 2 16.74 -0.2 16.87 0.042 160001
10 Drain lead 47.67 184.2 47.73 0.120 o1
20 Drain lead 78.43 408.0 78.59 0.197 101
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We also obtained similar results when leads 1 and 5
were used in place of leads 5 and S of Fig. 6, and leads
6 and 2 in place of 2 and D. Therefore it does not matter
what contacts are used as the source and drain as long
as their contact resistances are comparable. Ir

6.2 Triple-Series Connections

Current measurements were made using the
triple-series connection to the drain side of the sample,
as shown in Fig. 7. The results are summarized in Fig. 7. Triple-series connection of a quantum Hall sample, and the
Table 2 for the current in potential lead 4 and position of a CCC used to measure current in potential lead 4.

I+ = (39.914-0.001) pA. This example illustrates the

extent to which the triple-series connection reduces the

current in the potential leads. In fact, the currentin lead 7. Resistance Measurements

4 was so small (8107*? A) with no added resistance in

the circuit that it was close to the detection limit of the A cryogenic current comparator measurement system,
measurement and could not be accurately comparedwhich compares the value of ia= 2 quantized Hall
with the theory, even when a 64-turn CCC winding was resistor to a 10Q) resistor, was used for resistance
used to increase the sensitivity. measurements of sample E7C. Double-series and triple-

A better test of agreement between the measured andseries connections were eloyed, and resistances were
theoretical current values was obtained when large resis-again added to the drain lead to observe their effect on
tances (25@) and 500()) were added to the drain lead the quantized Hall resistance. The applied current was
or to potential lead 2. The large added resistances in- I+ = (30.702:0.001) wA, and the magnetic field direc-
creased the currents in lead 4 by about two orders of tion was the same as in Figs. 4 and 5.
magnitude, which was still about two orders of magni-
tude smaller than the double-series case. As a result,7.1 Double-Series Connections
these current measurements do not agree as well with
the calculated values as for the double-series connec- The configuration for the double-series connection is
tions. As predicted by Eq. (8), there is very little differ- shown in Fig. 8, and the results are in Table 3. Four-
ence in the values of whether resistance is added to the terminal double-series resistance measuremdRys,
drain lead or to lead 2. between points Y and Z are compared with regular

s cce

Table 2. Experimental and calculated values of currents in potential lead 4 of a triple-series connection with and without added test resistances.
Theoretical current values are found from Eg. (8), but with probes 2 and 4 rather than probes 1 and 3, and the magnetic field reversed

Test resistance Position of test Measured current Theoretical current Theoretical current Theoretical current/
resistance ratio measured curfent
Test lg lg /17
(®) (nA) (nA) (107
0 0.006 0.007 0.18
250 Drain lead 0.32 0.33 8.24 1.68.01
500 Drain lead 0.62 0.64 16.00 1.00.01
250 Lead 2 0.32 0.33 8.16 1.62.01
500 Lead 2 0.63 0.63 15.84 1.60.01

#The value for the theoretical/experimental current ratio with no added resistance is 1.187, which is in much poorer agreement than observed with
the double-series connection because the current in potential lead 4 for the case with no added resistance is four orders of magnitude smaller than
the value obtained for the double-series connection—and is therefore close to the experimental detection noise. By adding large testnesistances, t
current was increased so that it was only two orders of magnitude less than the current measured for the double-series connection, and better
theoretical/experimental ratios were obtained.
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quantum Hall measurements,, for potential probes 3  connected quantum Hall resistance values such that the
and 4 to obtain a relative experimental difference, three values oBRy/Ry become &10° —3x107°, and
AR4(exp)Ry, between double-series and regular quan- —3x10°, respectively. To obtain reliable double-series
tum Hall measurements. The relative change from the measurements, the lead resistances need to be monitored
regular quantized Hall resistance when using the double- frequently.

series connection was 3.8407 without any added

resistance, 9.39107 when a (20.0080.002)(} resis- 7.2 Triple-Series Connections

tor was added to the drain, and 1.46B0° when a

(37.045:0.002)() resistor was added. The triple-series connection is shown in Fig. 9, and
the results of the measurements in Table 4. Four-termi-
nal triple-series resistance measuremeRis, between
points Y and Z are compared with regular quantum Hall
measurement®y, for potential probes 3 and 4 to obtain
an experimental relative differencAR.(exp)R., be-
tween triple-series and regular quantum Hall measure-
ments. The calculated differenc&R,(theory)R, were
obtained from Eg. (12).

ARy(exp)Ry and AR4(theory)Ry are very small for
triple-series connections. A 50(kresistor had to be
added in order to observe a significant relative change
Fig. 8. Double-series connection used for the resistance measure- (1.24X 10°) from the actual quantized Hall resistance
ments of a quantum Hall sample. Measurements were made betweenRy. Experimental and theoretical values are in excellent
points Y and Z. agreement, and differ only by>410~°.

The calculated relative differencesR,(theory)Ry
were obtained from Eq. (7). The relative differences

B
®

SRRy = ARy(eXp)Ry — ARy(theory)Ry  (13) Vy

between the experimental and calculated values for 7
AR./Ry in Table 3 range from 1.910°% to 3.1x10%, Ir—
which is approximately four to six times thexa 0~
relative experimental uncertainty of the 20 min duration
CCC measurements. A likely explanation for these large
values ofdR./Ry is that the lead resistances, which were
measured earlier in the day, increased significantly from
those used in the calculations. For example, an increaserig. 9. Triple-series connection used for the resistance measure-
in the lead resistances of 04, due to a decreasing ments of a quantum Hall sample. Measurements were made between
liquid helium level, changes the predicted double-series- points Y and Z.

Iy

Table 3. Experimental and calculated values of the relative change in quantized Hall resi&Bnt®,, from the usual quantum Hall
measurement between potential probes 3 and 4 for a measurement between points Y and Z with a double-series connection. (See Sec.7.1
and Eq. (13) for the definitions akR4(exp)Ry, AR4(theory)Ry andSR4/Ry.)

Test resistance Position of test Experimental Theoretical Difference in
resistance result result results
Itest ARy(exp)Ry ARy(theory)Ry SR4/Ry
(©) (10°) (10 (10
0 0.330 0.312 0.019
20 Drain lead 0.935 0.918 0.018
37 Drain lead 1.463 1.432 0.031
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Table 4. Experimental and calculated values of the relative change in quantized Hall resiBnt®,, from the usual quantum Hall
measurement between potential probes 3 and 4 for a measurement between points Y and Z with a triple-series connection. (See Sec.7.1
and Eq. (13) for the definitions akR4(exp)Ru, AR4(theory)Ry and SR4/Ry)

Test resistance Position of test Experimental Theoretical Difference in
resistance result result results
iest AR4(exp)R+ ARy(theory)R, SRRy
(©) (109 (109 (109
37 Drain lead —-0.003 0.001 —-0.004
50000 Drain lead 0.124 0.124 0.000
8. Conclusions standard is composed of the quantized Hall resistance

and two of the coaxial cables used in the four-terminal-

The equations in Secs. 3 and 4, which are based on anpair connections [16]. The impedances and admittances
equivalent circuit model of the quantum Hall device, of the current and potential coaxial leads in the sample
give very good predictions for the current in the poten- probe would therefore be part of the quantized Hall
tial leads of the device, and for the change in the quan- resistance standard [17] and would have to be accounted
tized Hall resistance when double-series and triple- for, whether or not the double-series or triple-series
series connections are eloyed. The double and connections were made at the sample contacts or outside
triple-series connections have proved to be an effective of the dewar. Otherwise the resistance standard would
means of reducing the current in the potential leads of a not have the intrinsic valug,.
guantum Hall device, which is required in precision ac
gquantized Hall resistance measurements [10,13-15].  Acknowledgments
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